We consider lattices of regular sets of non negative integers, i.e. of sets definable in Presbuger arithmetic. We prove that if such a lattice is closed under decrement then it is also closed under many other functions: quotients by an integer, roots, etc.
Introduction

Roadmap
We follow the terminology according to which a function f : N → N is non decreasing if a ≤ b ⇒ f (a) ≤ f (b) for all a, b ∈ N.
We prove in this paper the following result: This problem, for finite sets and division by n, was submitted to us by JeanEric Pin & ZoltánÉsik, [2] . Jean-Éric Pin & Pedro Silva announce, in the framework of profinite topologies and uniformly continuous fonctions, a result related to our theorem 1.1 (see [4, 5] ).
Lattices closed under decrementation
We recall some definitions and fix some notation. Example 1.4. 1) Let L = {5, 6} + 4N = {5, 6, 9, 10, 13, 14, . . .}, then L ÷ 2 = 3 + 2N = {3, 5} + 4N. Moreover, for any integer x, x 2 ≡ 0 (mod 4) or x 2 ≡ 1 (mod 4), hence
The following results are straightforward. Proof. Observe that j∈J i∈Ij (L − i) − k = j∈J i∈Ij L − (i + k) .
Regular sets of natural integers
2. A set L ⊆ N is ultimately periodic with period r if there exists q ∈ N such that L ∩ {x | x ≥ q} is periodic with period r, i.e. for every x ≥ q, x ∈ L =⇒ x + r ∈ L.
As we here we work with a semigroup and not a group, namely (N, +), the definition of periodicity is not given by an equivalence
Regular subsets of N are subsets which are recognized by finite automata in unary notation (cf. [1] , pages 100-103). Here, we will only use the following classical characterization of regular subsets of N which goes back to Myhill, 1957 [3] . Recall that an arithmetic progression is a subset of N of the form a + rN.
(ii) L is the union of a finite set with finitely many arithmetic progressions,
Observe that in case B = ∅, the set A ∪ (q + B + rN) reduces to the finite set A. The following lemmas will be useful.
Lemma 1.9. Any regular set is ultimately periodic and its family of decrements is finite.
More precisely, suppose L = A ∪ (q + B + rN) ⊆ N where q ∈ N, r ∈ N \ {0}, A ⊆ {0, 1, . . . , q − 1} ∩ N, and B ⊆ {0, 1, . . . , r − 1}. Then
, the third in place of equivalence being obtained by applying k times point (1).
In case of an arithmetic progression, Proposition 1.6 can be simplified.
Lemma 1.11. Let L = q + rN be the range of an arithmetic sequence, r > 0.
The smallest lattice L(L) containing L and closed under decrement is equal to the family of sets
Observe that the intersection of two sets in the family D(L) is either empty (possible in case r ≥ 2 only) or equal to the smallest one. Then apply Proposition 1.6, noting that for r = 1, A + rN = min(A) + N.
Closure under quotient and root
The following result was suggested for lattices of finite sets byÉsik & Pin [2] .
Theorem 2.1. Any lattice of regular subsets of N which is closed under decrement is also closed under
Proof. The case k = 1 is trivial. We prove the theorem by induction on k ≥ 1. For pedagogical reasons, we explicit the case k = 2.
In case a ∈ L ÷ 2, i.e. 2a ∈ L, the following properties are true.
Since there are finitely many L − a's, there are finitely many J a 's. Using closure under finite union, we see that
Inductive case. Assuming L is closed under k-quotient, we prove that it is closed
for any a ∈ N. By Lemma 1.9, there are finitely many distinct (L − i)'s, so that J a is a finite intersection of decrements of L and of a k-quotient of L. The assumed closure properties of L and induction hypothesis insure that J a ∈ L.
In case a ∈ L ÷ (k + 1), i.e. (k + 1)a ∈ L, the following properties are true.
. Since there are finitely many (L − a)'s, there are finitely many (L − a) ÷ k's hence finitely many J a 's. Using closure under finite union, we see that the set
Theorem 2.2. Any lattice of regular subsets of N which is closed under decrement is also closed under k-root, for k ∈ N \ {0}.
Proof.
Adapt the above proof: substitute × and division for + and subtraction, so that L − i becomes L ÷ i. In the argument, finiteness of the family {L − i | i ∈ N} is replaced by that of {L ÷ k | k ∈ N \ {0}} which holds since, by Lemma 1.9 and Proposition 1.6, L(L) is always finite when L is regular. Example 2.3. (Examples 1.4 and 1.10 continued) If L= {1, 2} + 4N, then L ÷ 3 = {2 + 4N} ∪ {3 + 4N} = L − 3 and √ L = {1, 3} + 4N = (L − 5) ∪ (L − 3). For L = {5, 6} + 4N, we have L ÷ 2 = √ L = {3, 5} + 4N = (L − 2) ∩ (L − 3) ∪ L ∩ (L − 1) .
More induced closures
We extend closure under quotient (cf. Theorem 2.1) and under n-root (cf. Theorem 2.2) to a more general class of functions f : N → N. Given a regular set L ⊆ N and n ∈ N, the set L − n = {x ∈ N | x + n ∈ L} is regular. Also, by Lemma 1.9, the family {L − n|n ∈ N} is finite.
Lemma 3.1. For any set L ⊆ N and for any function f : N → N such that f (x) − f (y) ∈ (x − y)N for every x, y ∈ N, and such that f (x) ≥ x for every x ∈ N, we have:
Proof. Let us first consider a ∈ f −1 (L). Notice that for every n ∈ L − a, we have a + n ∈ L and thus a ∈ L − n. We deduce that a is in n∈L−a L − n and the inclusion ⊆ is proved.
For the other inclusion, let a ∈ f −1 (L) and b ∈ n∈L−a L − n. By the assumption on f , there exists
, and in particular a = b.
Assume first that a < b. We consider the minimal natural number r ∈ N such that f (a) + r(b − a) / ∈ L. Note that such a natural number exists since
contradicting the definition of r.
Assume next that a > b and consider the minimal natural number r ∈ N such that f (b) + r(a − b) ∈ L. Again, such a natural number exists since
Thus, b ∈ L − n and we get n + b ∈ L. That means n + b = f (b) + (r − 1)(a − b) ∈ L which contradicts the minimality of r.
We have proved by contradiction that f (b) ∈ L. Thus, b ∈ f −1 (L) and we get the other inclusion.
We can now prove the (2) ⇒ (1) implication of our main theorem 1.1. Proof. Let L be a lattice of regular sets closed under decrement and let L ∈ L. Consider the representation of f −1 (L) given by formula (1) of Lemma 3.1. In order to ensure that f −1 (L) belongs to the lattice L, we have to show that both the intersection and the union are finite: since L is regular, the family {L − n|n ∈ N} is finite by Lemma 1.9; this concludes the proof. 
About arithmetic progressions
For arithmetic progressions we sharpen Theorem 3.2 and give a simpler proof.
For every arithmetic progression L = q + rN, with q, r ∈ N, r ≥ 1, the following conditions hold:
Proof.
(1) If f (a) ∈ q + rN then, using monotonicity of f and property (ii), for every k ∈ N there exists ℓ ∈ N such that f (a + kr) = f (a) + ℓr hence f (a + kr) ∈ q + rN and a It remains to show that, for each a ∈ M , the set a + rN is a decrement of L. Using Lemma 1.11, this amounts to show that a ≤ max(r − 1, q) for each a ∈ M . Let a ∈ M , a = min f −1 (L) ∩ (i + rN) with 0 ≤ i < r. By way of contradiction, supposing a > max(r − 1, q), so that a − r ∈ N, we show that f (a − r) ∈ L. Case q < r. Then max(r−1, q) = r−1 < a. Since f (a) ∈ L we have f (a) = q+kr for some k ∈ N. Using property (ii), we get f (a) ≡ f (a − r) ≡ q ( mod r). Since q < r, this yields f (a − r) = q + ℓr for some ℓ ∈ N and thus f (a − r) ∈ L. Case q ≥ r. Then max(r−1, q) = q and a > q ≥ r. Let q = i+kr with 0 ≤ i < r and k ≥ 1. As above, f (a − r) ≡ f (a) ≡ i (mod r) hence f (a − r) = i + ℓr for some ℓ ∈ N. Now, f (a−r) ≥ a−r by (i) hence i+ℓr ≥ a−r > q−r = i+(k−1)r so that ℓ ≥ k. Thus, f (a − r) = i + ℓr = q − kr + ℓr = q + (ℓ − k)r ∈ q + rN = L. In both cases, we have f (a − r) ∈ L, contradicting the minimality of a in the intersection of its congruence class modulo r with f −1 (L).
(2) By Lemma + rN) is of the form A a + rN with A a ⊆ {0, . . . , max(r−1, a)}. Hence f −1 (K) = ∪ a∈A A a +rN = (∪ a∈A A a )+rN, and ∪ a∈A A a is a subset of {0, . . . , max(r − 1, q)}. When r ≥ 2, this concludes the proof that f −1 (K) ∈ L(L) by Lemma 1.11 2(i). If r = 1, we must check also that f −1 (K) = ∅: indeed K = a + N by Lemma 1.11 2(ii), as f (a) ≥ a by hypothesis (i), f (a) ∈ a + N and a ∈ f −1 (K) which is non empty; this concludes the proof that f −1 (K) ∈ L(L) for the case r = 1.
Remark 4.2. The statement of Proposition 4.1 is sharper than that of Theorem 3.2 applied to arithmetic progressions. In fact, the proof of Proposition 4.1 also shows that, for an arithmetic progression L, the lattice L(L) is the smallest join-semilattice containing L and closed under decrement.
Remark 4.3. The proof of Proposition 4.1 cannot be extended to regular sets, not even to periodic sets. Let f : n → n 2 and L the periodic set {0, 4, 8}
is a decrement of L. However, this result cannot be obtained by the proof of Proposition 4.1 because this proof relies on the fact that, whenever a ∈ f −1 (L), then a + rN is a decrement of L; here however, 2 + 3N is not a decrement of L and does not even belong to 
cannot be obtained as a union of decrements of L: in order to obtain 5, we must include either L, L − 1, L − 4 or L − 5, but each of these decrements contains numbers not in √ L (respectively 6, 4, 2 and 0) which must be excluded by a suitable intersection.
Let L = {1, 2} then f −1 (L) = {1} ; the decrements of L are the sets {1, 2}, {0, 1}, {0}, ∅, no union of which is f −1 (L), intersections are required to get f −1 (L). This is why the proof in both the general and the finite case does exclude the elements which are not in f −1 (L) by using carefully chosen intersections.
Characterizing induced closures
We characterize the functions f : N → N such that closure under decrement yields closure under f −1 . 
(iv) The map f is non decreasing and satisfies f (a) ≥ a and
Proof. (iv) ⇒ (i). This is Theorem 3.2.
(i) ⇒ (ii). Finite sets are regular sets.
(i) ⇒ (iii). Arithmetic progressions are regular sets.
(ii) ⇒ (iv). We first prove that f (a) ≥ a, for all a ∈ N. Let a ∈ N and L = {f (a)}. Observe that the smallest lattice containing the set {f (a)} and closed under decrementation is the family of subsets of {0, 1, . . . , f (a) − 1, f (a)}.
As a consequence, all elements of f −1 (L) must be less than f (a). In particular
In particular, f is monotone non decreasing and
Since f (a) ≥ a, we have ℓ ≥ 0; moreover,
To get a contradiction, we show that f −1 (L) is not in L(L). Since f −1 (L) contains a but not b, it suffices to show that every set X ∈ L(L) which contains a also contains b. Since L(L) is generated by the L − i's, we reduce to show that, for all i, if a is in L − i then so is b. Now, using the definition of ℓ, for all i ∈ N a ∈ L − i ⇐⇒ ∃α ∈ {0, . . . , k} a = f (a) − α(a − b) − i ⇐⇒ ∃α ∈ {0, . . . , k} i = f (a) − a − α(a − b) ⇐⇒ ∃α ∈ {0, . . . , ℓ} i = f (a) − a − α(a − b) and, for i associated to such an α ∈ {0, . . . , ℓ}, L − i = N ∩ {a + (α − j)(a − b) | j ∈ {0, . . . , k}} letting j = α and j = α + 1 (which is ≤ k since α ≤ ℓ < k), we see that L − i ⊇ {a, b} .
This gives the required contradiction. First, we check that f is non decreasing. Let a < b and let L = f (a) + N. Note that, since r = 1, a set B + N is equal to min(B) + N and ∅ ∈ L(L), hence f −1 (L) = s + N, with s ≤ f (a); as a ∈ f −1 (L), then a ∈ s + N, i.e. a ≥ s, and f (s + N) ⊆ L. Since b > a ≥ s we get b ∈ s + N and f (b) ∈ L hence f (b) ≥ f (a).
